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c®c   c®s s°- s® c°  c®s c°+ s®s°   dx
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 bx
 by
 bz
1

=  rbT       bP      

 rbT  bx,   by,   bz 

 bx,   by,   bz  rbT 

a   b
Ã !

  bP(bx,   by,   bz )

 bx,   by,   bz  rbT 

a1 
rx  + b1 

ry  + c1 
rz  + d1  = 0

 rx =  r11 
bx +  r12 

by +  r13 
bz +  dx 

 ry =  r21 
bx +  r22 

by +  r23 
bz +  dy 

 rz =  r31 
bx +  r32 

by +  r33 
bz +  dz 

(a1r11+ b1r21+ c1r31 ) 
bx + (a1r12+ b1r22+ c1r32 ) 

by+  

(a1r13+ b1r23+ c1r33 ) 
bz+ a1dx + b1dy + c1dz+ d1 = 0



a1 0 
bx+ b1 0 

by+ c1 0 
bz+ d 1 0= 0 

a1
0= a1r11+ b1r2 1+ c1r31  b1

0= a1r12+ b1r22+ c1r32  

c1
0= a1r13+ b1r23+ c1r33  d1

0= a1dx + b1dy+ c1dz+ d1     

a1 b1
Ã ¡¡!

 

 bx - xa1

xb1- xa1

=
 by- ya1

yb1- ya1

=
 bz- za1

zb1- za1

= k1 

 bx = (xb1- xa1 )k1+ xa1 

 by = (yb1  -   ya1 )k1  +  ya1 

 bz= (zb1  -  za1 )k1  + za1

 bP1

 bP1

½ ¾

a1
0(xb1- xa1 ) + b1

0(yb1- ya1 ) + c1
0(zb1- za1 )   k1 

=   - d1
0- a1

0xa1- b1
0ya1- c1

0za1 

k1

k1 =
- (a1

0xa1+ b1
0ya1+ c1

0za1+ d1
0)

a1
0(xb1- xa1 ) + b1

0(yb1- ya1 ) + c1
0(zb1- za1 )

      

k1  bP1  bx1,   
by1,   

bz1 

 bx1 = (xb1- xa1 )k1+ xa1 

 by1 = (yb1- ya1 )k1+ ya1 

 bz1 = (zb1- za1 )k1+ za1 

k1 ® ,    ,   ° ,   dx ,   dy ,   dz  bP1

 rb  T1  bx1,   
by1,   

bz1 

 rx1 =
½ ¾

r11 (xb1- xa1 ) + r12 (yb1- ya1 ) + r13 (zb1- za1 ) k1

                                                              + r11xa1+ r12ya1+ r13za1+ dx    

 ry1 =
½ ¾

r21 (xb1- xa1 ) + r22 (yb1- ya1 ) + r23 (zb1- za1 ) k1

                                                            + r21xa1+ r22ya1+ r23za1+ dy   

 rz1 =
½ ¾

r31 (xb1- xa1 ) + r32 (yb1- ya1 ) + r33 (zb1- za1 ) k1

                                                            + r31xa1+ r32ya1+ r33zz1+ dz   

 rx1,   
ry1,   

rz1 

 rP1  rx1,   
ry1,   

rz1 

 rb  T1 

 rb  T  ® ,    ,   ° ,   dx ,   dy ,   dz 

 rx1,   
ry1,   

rz1 

 rx1 =  f1 (®,   ,   °,   dx,   dy,   dz )   

 ry1 =  g1 (®,   ,   °,   dx,   dy,   dz )   

 rz1 =  h1 (®,   ,   °,   dx,   dy,   dz )   

 rx1 = k110+ k111® + k112 + k113°+ k114dx + k115dy+ k116dz



 ry1 = k 120+ k 121® + k 122 + k 123°+ k 124dx + k 125dy + k 126dz

 rz1 = k130+ k131® + k132 + k133°+ k134dx + k135dy+ k136dz

k ijk i j k

 rx2 = k210+ k211® + k212 + k213°+ k214dx+ k215dy+ k216dz 

 ry2 = k220+ k221®+ k222 + k223°+ k224dx+ k224dy+ k226dz 

 rz2 = k230+ k231® + k232 + k233°+ k234dx + k235dy+ k236dz 

 rx3 = k310+ k311® + k312 + k313°+ k314dx + k315dy+ k316dz 

 ry3 = k320+ k321® + k322 + k323°+ k324dx + k324dy+ k326dz 

 rz3 = k330+ k331® + k332 + k333°+ k334dx + k335dy+ k336dz 
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 rx1- k110 
 ry1- k120 
 rz1- k130 

 rx2- k210 
 ry2- k220 

 rz2- k230 
 rx3- k310 

 ry3- k320 
 rz3- k330 

Au  = v 
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u = A＃v 

A＃ = (ATA )-1AT u 
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k110 =  xa1 -
(x b1- x a1)(a1x a1+ b 1ya 1+ c1za1 + d1)

a1 (xb 1- xa1 ) + b1 (y b1- ya 1) + c 1(z b1- z a1)

k111 =  
(yb1- ya1)(a1xa1 +b 1ya1+ c1za1 +d1)

a1 (xb 1- xa1) + b 1(yb1- ya1) +c 1(zb1 -za1)

                                   -
(xb1 - xa1 )

[a1 (xb 1- xa1 ) + b1 (y b1- ya1) +c 1(zb1- za1)]
2

                                                 [(b 1x a1- a1ya1 )(a1(x b1- x a1) + b1(yb1 - ya1 ) + c1 (zb 1- za1 ))

                              - (a1xa1+ b1ya1+ c1za1+ d1)(b1(xb1 - xa1 )- a1 (yb 1- ya1))]- ya1

k112 =  
- (zb1 - za1 )(a1xa1 + b1y a1+ c 1za1+ d1 )

a1 (xb 1- xa1) + b 1(y b1- y a1 ) + c 1(zb1 - za1 )
 

                                     -     
(x b1- x a1)

[a1(x b1 - x a1) + b1(yb1 - ya1 ) + c1 (zb 1- za1 )]
2
 

                                                   [(a1za1- c1xa1) (a1(x b1- x a1) + b 1(yb1 - y a1) + c1(zb1 - za1 ))

                              - (a1x a1+ b 1ya1+ c1za1+ d1)(- c 1(xb1 - x a1) + a1(zb1 - za1 ))] + za1

k113 =  
- (x b1- xa1)

[a1(xb1 - x a1) + b 1(y b1- ya1) + c1 (zb1 - za1) ]
2

                                       [ (c1y a1- b1za1)(a1 (xb 1- xa1) + b1(yb1- y a1) + c 1(zb 1- za1 ))

                                  - (a1xa1 + b 1ya1 + c1za1+ d1)(c1 (yb1 - y a1) - b 1(zb1- za1))]

k114 =  1-
a 1(xb1 - x a1 )

a 1(x b1- x a1 ) + b1(yb1 - ya1 ) + c1 (zb 1- za1 )

k115 =  
- b1(xb1 - x a1)

a1 (xb 1- xa 1) + b 1 (y b1- y a1 ) + c 1( zb1 - z a1 )

k116 =  
- c1 (xb1- xa1 )

a1 (xb1- xa1 ) + b1 (yb1- ya1 ) + c1 (zb1- za1 )

k120 =  ya1 -
(y b1- y a1 )(a1x a1+ b 1ya1+ c1za1 + d 1)

a1 (xb 1- xa1 ) + b1 (y b1- ya1 ) + c 1(zb1- z a1 )

k121 =  
- (xb1 - xa1 )(a1xa1+ b1y a1 + c 1za1+ d1 )

a1 (xb1- xa1) + b 1(y b1- y a1) + c 1(zb1 - za1)

                                    -    
(y b1- ya1)

[a1(x b1- x a1) + b 1(yb1 - ya1) + c1 (zb1 - za1 )]
2

                                                           [(b 1xa1- a1y a1)(a1(x b1- x a1) + b 1(yb1 - ya1) + c1(zb1 - za1 ))

                                    -     (a1xa1+ b1y a1+ c 1za1+ d1 )(b 1(x b1- x a1) - a1(yb1 - ya1))] + x a1

k122 =  
- (yb1 - y a1)

[a1(x b1- x a1) + b 1(y b1 - y a1) + c1(zb1 - za1 )]
2

                                         [(a1za1- c 1xa 1)(a1(xb1 - xa1 ) + b1 (yb 1- ya1 ) + c 1(zb1- za1))

                                       -     (a1x a1+ b1ya1 + c1z a1+ d1 )(a1( zb1 - za1) - c1(xb1 - xa1 ))]

k123=  
(zb1- za1)(a1xa1+ b1ya1+ c1za1+d1)

a1 (xb1- xa1)+ b1(yb1- ya1) +c1(zb1- za1)

                                     -     
(yb1- ya1)

[a1(xb1-xa1) + b1(yb1- ya1 )+ c1 (zb1- za1 )]
2

                                                       [(c
1
y
a1
- b

1
z
a1
)(a

1
(x

b1
- x

a1
)+ b

1
(y

b1
- y

a1
)+ c

1
(z

b1
- z

a1
))

                                              -     (a1xa1 + b1ya1+ c1za1+ d1)(c1 (yb1- ya1)- b1(zb1- za1))]- za1

k124 =  
- a1(yb1 - y a1)

a1 (xb 1- xa 1) + b 1 (y b1- y a1 ) + c 1( zb1 - z a1 )

k125 =  1-
b 1(yb1 - y a1 )

a 1(x b1- x a1 ) + b1(yb1 - ya1 ) + c1 (zb 1- za1 )

k126 =  
- c1(yb1 - y a1)

a1 (xb 1- xa 1) + b 1 (y b1- y a1 ) + c 1( zb1 - z a1 )

k130 =  za1 -
(z b1- za 1)(a1x a1+ b 1ya1 + c1z a1+ d1)

a1(xb1 - xa1 ) + b1 (yb 1- ya1) + c 1(zb1- za 1)

k131 =  
- ( zb1 - z a1)

[a1(x b1- x a1) + b 1(y b1 - y a1) + c1(zb1 - za1 )]
2

                                          [ (b1xa1 - a1y a1)(a1(xb1 - xa1 ) + b1 (y b1- ya 1) + c 1(zb1- za1))

                                      -     (a1xa 1+ b1ya1 + c 1za 1+ d1 )(b 1(x b1 - x a1) - a1(yb1 - ya1 ))]

k132 =  
(x b1- x a1)(a1xa1 + b 1ya 1+ c1za1 + d1)

a1 (xb 1- xa 1) + b 1(y b1- y a1) + c 1(zb1 - za1)

                                     -     
(z b1- za1)

[a1(x b1 - x a1) + b1(yb1 - ya1 ) + c1 (zb 1- za1 )]
2

                                                      [(a1za1- c 1xa1 )(a1(x b1 - x a1) + b1(yb1 - ya1 ) + c1 (zb 1- za1 ))

                                     -     (a1xa 1+ b1ya1 + c 1za 1+ d1 )(a1(z b1- za1) - c 1(x b1 - x a1))]- x a1



k133 =  
- (yb1 - ya1 )(a1xa 1+ b1y a1 + c 1za 1+ d1 )

a1 (xb 1- xa 1) + b 1(yb1- y a1) + c 1(zb1 - za1)

                                    -     
(zb1- za1)

[a1(x b1- x a1) + b1(yb1 - ya1 ) + c1 (zb 1- za1 )]
2

                                                   [(c1y a1- b 1za1 )(a1(x b1 - x a1) + b1(yb1 - ya1 ) + c1 (zb 1- za1 ))

                                    -     (a1xa 1+ b1y a1+ c 1za 1+ d1 )(c 1(y b1- y a1) - b 1(zb1 - za1) )] + ya1

k134 =  
- a1( zb1 - za1)

a1 (xb 1- xa 1) + b 1 (y b1- y a1 ) + c 1( zb1 - z a1 )

k135 =  
- b1( zb1 - za1)

a1 (xb 1- xa 1) + b 1 (y b1- y a1 ) + c 1( zb1 - z a1 )

k136 =  1-
c1( zb1 - z a1 )

a 1(x b1- x a1 ) + b1(yb1 - ya1 ) + c1 (zb 1- za1 )

k


